We obtain a recursive formula for the characteristic number of degree d curves in P 2 with prescribed singularities (of type A k ) that are tangent to a given line. The formula is in terms of the characteristic number of curves with exactly those singularities. Combined with the results of S. Basu and R. Mukherjee ([1], [2] and [3]), this gives us a complete formula for the characteristic number of curves with δ-nodes and one singularity of type A k , tangent to a given line, provided δ+ k ≤ 8. We use a topological method, namely the method of "dynamic intersections" (cf. Chapter 11 in [9] ) to compute the degenerate contribution to the Euler class. Till codimension eight, we verify that our numbers are logically consistent with those computed earlier by CaporasoHarris ([6]). We also make a non trivial low degree check to verify our formula for the number of cuspidal cubics tangent to a given line, using a result of Kazaryan ([13]).
).
A closely related question is to enumerate curves with prescribed singularities that are tangent to a given line. This question also has a long history that can be traced back to Zeuthen. As early as 1848, Zeuthen computed the characteristic number of rational quartics in P 2 tangent to a given line.
In the last thirty years, an extensive amount of work has been done in enumerating curves that are tangent to a given line when the prescribed singularities are nodes. These include among others the results of Z. Ran ([19] ), I. Vainsencher ([24] ), Caporaso-Harris ( [6] ), R. Vakil ([25] , [26] ), A. Gathmann ([11] and [12] ) and C. Cadman and L. Chen ( [7] ).
Very recently, using methods of algebraic cobordism, Y. J. Tzeng has shown ( [23] ) that a universal formula exists for the characteristic number of curves in a linear system, that are tangent to a given line and that have prescribed singularities (more degenerate than nodes).
We now mention a result that we are aware of concerned with the tangency question in other spaces. In [8] , Y. Cooper and R. Pandharipande study the Severi problem involving single tangency condition via the matrix elements in Fock space.
In this paper, we obtain a recursive formula for the characteristic number of curves that are tangent to a given line and that have prescribed singularities (of type A k ). Furthermore, till codimension eight we can obtain explicit formulas. The method we use is the method of dynamic intersection theory, similar to what is used in [28] , [1] , [2] and [3] . Before stating the main result of the paper, let us make a couple of definitions: Definition 1.1. Let f : P 2 −→ O(d) be a holomorphic section. A point q ∈ f −1 (0) is of singularity type A k if there exists a coordinate system (x, y) : (U, q) −→ (C 2 , 0) such that f −1 (0) ∩ U is given by
In more common terminology, q is a smooth point of f −1 (0) if it is a singularity of type A 0 , a simple node (or just node) if its singularity type is A 1 , a cusp if its type is A 2 and a tacnode if its type is A 3 . We will frequently use the phrase "a singularity of codimension k". This refers to the number of conditions having that singularity imposes on the space of curves. More precisely, it is the expected codimension of the equisingular strata. Hence, an A k singularity is a singularity of codimension k. Next, given a non negative integer k and positive integers δ 1 , . . . , δ k , let us define N d (A δ 1 1 . . . A δ k k ) to be the number of degree d-curves in P 2 , passing through
to be the number of degree d-curves in P 2 , passing through
− (1 + δ 1 + 2δ 2 + . . . + kδ k ) generic points, having δ j ordered singularities of type A j (when i = j), δ i − 1 singularities of type A i and another singularity of type A i lying on a given line.
The main result of this paper is as follows:
MAIN THEOREM. Let k be a non negative integer and δ 1 , δ 2 , . . . , δ k a collection of positive integers. Define 
Remark 1.2. We note that the numbers N d (A δ 1 A k ) are directly given in the papers of S. Basu and R. Mukherjee ( [1] , [2] and [3] ) when δ + k ≤ 8. The results of those papers can be used to compute
with no further effort (since they obtain equality on the level of cycles). Hence, using these numbers and using equation (1.1) we can obtain a complete formula for
1≤δ≤8 are listed explicitly in section 5. Remark 1.3. Next, we note that in [13] , M. Kazaryan computes all the characteristic number of curves with upto seven singularities. We believe he obtains equality on the level of cycles; hence we believe in principle his method can be used to compute the characteristic number of curves with singularities, where one of the singularity is required to lie on a line (till codimension seven). 1 Hence, using equation (1.1), we can in principle obtain a formula for
d is the number of degree d curves in P 2 passing through δ d − 1 generic points that is tangent to a given line. Hence, the k = 0 case of equation (1.1) implies
min is imposed to ensure we get transversality of certain sections. However, this bound is not necessarily sharp; the bound is sufficient to get transversality, but it is not always necessary.
Overview of the method
We now give an overview of the method we use. Our starting point will be the following classical fact from Differential Topology: Remark 2.2. We will express the tangency condition as the vanishing of a section of an appropriate vector bundle. However, the corresponding Euler class involves a degenerate contribution. The central aspect of this paper is how we compute the degenerate contribution to the Euler class. We use the method of "dynamic intersections" (cf. Chapter 11 in [9] ) to compute the degenerate contribution to the Euler class.
Proof of Main Theorem
Let us denote D to be the space of non-zero homogeneous degree d-polynomials in three variables upto scaling, i.e.,
Hence, D can be identified with the space of degree d curves in P 2 (not necessarily irreducible). Let
be the tautological line bundles over D and P 2 respectively.
We will now prove our main theorem (i.e., we will prove (1.1)). Given non negative integer k and positive integers δ 1 , . . . δ k , let us define
We will show shortly that if
Let us now make the following abbreviation:
We now define the following two sections of line bundles over S × L:
Here γ L denotes the tautological line bundle over L (which is the same as the restriction of the tautological line bundle γ P 2 to L). Let us now define
We claim that restricted to S × L − B, the sections ψ ev and ψ T are transverse to zero. We will prove that claim shortly.
Next, let µ be the subspace of curves in D that pass through w d generic points and let
be the projection map.
Since the points are generic, the sub manifold π
Next, we note that if f is tangent to L at p, then
In other words,
However, equation (3.3) is also satisfied on B (i.e., when one of the singular points q i η , happens to lie on the line L, i.e., one of the points q i η becomes equal to the tangency point p). Hence, our desired number
is the number of solutions to
We note that since the points are generic,
Hence, we conclude that
where C Bµ is the contribution of the section from the boundary B ∩ π
Next, we note that the left hand side of equation (3.5) is given by
We will now compute the quantity C Bµ . Let us first analyze the set B ∩ π −1 D µ . This is the union of the sets
D µ is the set of all degree d curves passing through the w d generic points, having δ j (ordered) singularities of type A j (for all j from 1 to k) and where the (q i η ) th singular point lies on a line. Note that the (q i η ) th singular point corresponds to a singularity of type A i .
We claim that each point of
D µ vanishes with a multiplicity of (i + 1). Hence, the total contribution from the set B ∩ π −1 D µ to the Euler class is given by
Equations (3.5), (3.6) and (3.7) give us equation (1.1).
We will now prove the claims that we have made regarding transversality and multiplicity.
Transversality and Multiplicity
We will start by recalling a few facts about A k singularities that are proved in [1] , section 3. Let U be a neighbourhood of the origin in C 2 and f : U −→ C a holomorphic function. Let i, j be non-negative integers. We define
The procedure to obtain A f k is given in the proof of the following Proposition. We will now state a necessary and sufficient criteria for a curve to have a specific singularity of type A k≥1 . We now state a necessary and sufficient condition for a curve to have an A k≥2 singularity. This can be thought of as a continuation of Lemma 4.2. 
In terms of the new coordinates we have f 00 = f 10 = f 01 = f 20 = f 11 = 0 and f 02 = 0. Here ∂ x + 0∂ y = (1, 0) is the distinguished direction along which the Hessian is degenerate.
Proof of observation: Let the Taylor expansion of f in the new coordinates be given by
By our assumption on f , A 2 (0) = 0. We claim that there exists a holomorphic function B(x) such that after we make a change of coordinates y = y 1 + B(x), the function f is given by
for someÂ k (x) (i.e.,Â 1 (x) ≡ 0). To see this, we note that this is possible if B(x) satisfies the identity
Since A 2 (0) = 0, B(x) exists by the Implicit Function Theorem 2 . Therefore, we can compute B(x) as a power series using (4.2) and then computeÂ 0 (x). Hence, and so on. We are now ready to prove the claim that the space of curves with prescribed singularities is a smooth manifold of the expected dimension, provided d is sufficiently large.
Lemma 4.6. Let M and S be as defined in equation
Proof: We will prove this statement by considering an affine chart. Hence, let us consider the vector space
+1 of polynomials in two variables of degree at most d. Let us denote p i := (x i , y i ) ∈ C 2 and define
Here ∆ denotes the fat diagonal of (C 2 ) δ (i.e., if any two points are equal, they belong to the fat diagonal). We will show that S affine is a smooth complex sub manifold of
In order to do that, we will describe S affine locally as the zero set of certain holomorphic functions. Let us suppose that
Suppose f has an A k singularity at p 1 := (x 1 , y 1 ), then we can use Lemma 4.4 to see that there exist a sufficiently small open sets U p 1 ⊂ F d around f and V p 1 ⊂ C 2 around p 1 such that on U p 1 ×V p 1 (possibly after making a linear change of coordinates) f yy (x 1 , y 1 ), the second partial derivative of f with respect to y, evaluated at (x 1 , y 1 ) is non zero. Let us now definê
We note thatx is well defined, since f yy (x 1 , y 1 ) = 0. We will now define A f (x 1 ,y 1 ) k to be the expressions obtained in (4.4) , where we replace f ij with the (i, j) th partial derivative of f with respect tox and y, evaluated at (x 1 , y 1 ). As an example,
Since f has an A k i singularity at p i := (x i , y i ), all are distinct points so we can assume (possibly after a linear change of co-ordinates) that f yy (x i , y i ), the second partial derivative of f with respect to y, evaluated at (x i , y i ) is non zero. Then repeated use of Lemma 4.4 will give us sufficiently small open neighbourhoods U :
to be the expressions as obtained in (4.4) for each i. Next, let U := U × V be a sufficiently small open neighbourhood of (f, p) in
We claim that 0 is a regular value of Φ. If we can show that, then our claim is proved.
To prove the claim, we will construct curves. Since the points p i are all distinct, we will show that for different possibilities of points we can produce curves η i ∈ F d be such that
Remark 4.7. There are plenty of ways one can construct such curves η i . In practice it is enough to construct curves η i such that η i (x j , y j ) = 0.
We can easily construct such an η i by taking product of all the (x − x j ), except (x − x i ) combined with (y − y j ), i.e., for n distinct points
Let us consider the point p i := (x i , y i ). The curve f has an A k i singularity at p i . As an example, if f has at least A 1 singularity at p i then there are sufficiently small neighbourhoods around each p i where f (p i ), f x (p i ), f y (p i ) vanishes. So in this situation, if we simply construct curves as follows:
So the above construction enables us
then the above computation implies that 0 is a regular value as claimed. Next, note that if f has a singularity at least as degenerate as cusp at some point assuming that there is already A 1 singularity present at that point, then we can consider that f has a genuine cusp which is equivalent to f 20 f 02 − f 2 11 = 0 (determinant of Hessian vanishes). Since the cusp is genuine cusp so without loss of generality we can assume that f 02 = 0. So one can simply construct a curve γ i 20 (t) := f + t(x − x i ) 2 η i for each point p i , wherex is defined below. Note that 
for all i from 1 to δ. Herex := x + my. We now note that
span the tangent space of T 0 C c d . This proves the claim. Proof: First, suppose
We will produce the following curve. Let us consider a curve η 00 in S such that η 00 (p) = 0. Consider γ 00 (t) := (f + tη 00 , q, p).
This proves transversality of the evaluation map. Next, let us consider a curve η T such that
The construction of a curve η T will follow from above discussion. Now consider the curve
This proves transversality of the section ψ T .
Finally, we are ready to prove the main theorem about the multiplicity. 
Then the order of vanishing is (k + 1).
is a smooth complex manifold of dimension 2. Hence it makes sense to talk about the order of vanishing of a section of a rank two bundle.
Proof: Suppose ([f ], q, p) satisfies equation (4.5). We will construct a neighbourhood of
D µ and µ denotes a subspace of curves in D passing through w d generic points, we conclude that f has an A k singularity of p. Without loss of generality, we can take p := [0, 0, 1] ∈ P 2 . Let us also assume that the line L passing through p is given by the equation
where a and b are two fixed complex numbers. Let us now write down the Taylor expansion of f around the point p. Let us define
Hence, we get that
If f has an A k≥2 singularity at p, we conclude that f 02 or f 20 can not both be zero; let us assume in that case f 02 = 0. If f has an A 1 singularity at p, then after a linear change of coordinates, we can ensure that f 02 = 0. Hence, in all the cases, we can assume without loss of generality that f 02 = 0.
After making a suitable change of coordinates, the function f is given by f =ŷ 2 +x k+1 .
After the change of coordinates, the line L in (4.6), will be given by
where E is second order. Note that the line will be eitherŷ+Mx+E(ŷ,x) = 0 or M ′ŷ +x+E ′ (ŷ,x) = 0. Without loss of generality, we are assuming that the line is given by (4.7); since L is a generic line, we can assume this (i.e., we are assuming the line is not given by x = 0). Let us now assume that k is even (i.e., k + 1 odd). A solution to the equation f = 0, close to (0, 0) is given bŷ
t is small but non zero.
Furthermore, every solution to f = 0 is of this type. We now consider the second equation of evaluating the derivative along L. That gives us
Hence, the order of vanishing is (k + 1). If k is odd (i.e., k + 1 is even), then there are two solutions. Each solution vanishes with order k+1 2 ; hence the total order of vanishing is k + 1. In either case, the total order of vanishing is k + 1.
Explicit Formulas
For the convenience of the reader, we will explicitly write down the formulas for
. These are obtained from Main Theorem (equation (1.1)); combined with the numbers given in the papers of S. Basu and R. Mukherjee ( [1] , [2] and [3] ). We will then use these formulas to make low degree check in section 6. The formulas for N T d (A k ) 1≤k≤8 are:
Next, the formulas for
Finally, the formulas for N T d (A δ 1 ) 3≤δ≤8 are: 
Low degree checks
In this section, we will make some non trivial low degree checks by comparing our formulas with the results of others.
Verification with the Caporaso-Harris formula
We will start by verifying the numbers N d (A δ 1 ) 1≤δ≤8 . We note that the Caporaso-Harris formula (obtained in [6] ) computes N d (A δ 1 ) T for any δ. We have verified that our formulas for N d (A δ 1 ) 1≤δ≤8 produce the same answer as the Caporaso-Harris formula for several values of d; we have written a C++ program to implement the Caporaso-Harris formula (which is available on request). The reader is invited to use the C++ program to check that it produces the same answer given by our formula (explicitly written down in section 5) for any specific value of d.
Verification of N
In [13] , Kazaryan has computed the number N d (A 1 A 2 A 3 ) , the characteristic number of degree d curves with one node, one cusp and one tacnode. According to Kazaryan's formula, that number is 2256 when d = 4. We will verify that number.
We note that N 4 (A 1 A 2 A 3 ) is the number of quartics through 8 points that have one node, one cusp and one tacnode. This can happen if the curve breaks into a cubic and a line, such that the cubic has a cusp and is tangent to the given line (and the entire configuration passes through 8 points). Since the cubic is tangent to the given line, it will intersect the curve at one more point. Let us now find out how many such configurations are there. First of all, we could place a line through 2 points and a cuspidal cubic through 6 points tangent to a given line. There are a total of
such configurations. The other possibility is that we place a cuspidal cubic through 7 points and a line through one point that is tangent to this cuspidal cubic. We claim that the total number of such configurations (n) is n = 3N 3 (A 2 ).
We will justify this shortly. Using the values of N T 3 (A 2 ) and N 3 (A 2 ), we note that
This agrees with the number predicted by Kazaryan's formula. Let us now justify the value of n. Let us denote D 1 and D 3 to be the space of lines and space of cubics in P 2 respectively. We note that D 1 and D 3 are isomorphic to P 2 and P 9 respectively.
Let us define
S := {([f ], q) ∈ D 3 × P 2 : f has an A 2 singularity at q}.
For notational convenience, let us denote P 2 1 and P 2 3 to be two isomorphic copies of P 2 . With that notation, we define the following space Let us now denote y 1 , y 3 , a 1 and a 3 to be the hyperplane classes of D 1 , D 3 , P 2 1 and P 2 3 respectively. We note that intersecting [X] with y 3 corresponds to studying the subspace of cubics passing through a generic point and intersecting [X] with y 1 corresponds to studying the subspace of lines passing through a generic point. Our aim is to count the configurations where the cubic passes through 7 points and the line passes through 1 point. Hence, let us intersect [X] this with y 1 y 7 3 . However, this intersection will also include the number of lines that pass through the given point and the cuspidal point of the cubic. By using the same argument as in the proof of Theorem 4.9, this configuration contributes with a multiplicity of 3. Hence,
[X] · [y 1 y Equations (6.4) and (6.6), we conclude that n = 3N 3 (A 2 ) as claimed.
Remark 6.1. It should be possible to generalize our method to get a similar type of result for certain other types of singularities such as D k , E 6 , E 7 , and E 8 . We are not aware of any low degree checks involving tangency conditions with D k , E 6 , E 7 , and E 8 singularities which will support any prediction. We also hope that this method can be employed to generalize these results for other complex surfaces.
